Abstract. Deformations of ordinary varieties of K3 type can be described in terms of displays by recent work of Langer-Zink. We extend this to the general (non-ordinary) case using displays with G-structure for a reductive group G. As a basis we suggest a modified definition of the tensor category of displays and variants which is similar to the Frobenius gauges of Fontaine-Jannsen.
Introduction
Let p be a prime. If R is a ring in which p is nilpotent, by the crystalline cohomology of a smooth projective scheme over R with good properties carries the structure of a display 1 over the ring of Witt vectors W (R). In the case of abelian varieties this is related to the natural structure of a 1-display on the crystalline Dieudonné module of a p-divisible group.
The notion of displays admits many variations. For a local Artin ring R with perfect residue field of odd characteristic one can consider displays over Zink's small Witt vector ring, denoted in the following by W(R), as in [Zi2, La3, LZ3] . There is a definition of 1-displays over m-truncated Witt vectors, which are related to truncated p-divisible groups by [La2, LZ] , and which are related to the F -zips of [MW] when m = 1.
One can also endow displays and their variants with a G-structure for a reductive group G. For F -zips this is carried out in [PWZ] . A definition of 1-displays over W (R) with G-structure for a smooth group scheme appears in [Bü] . Building on this, Bültel-Pappas [BP] defined (G, µ)-displays over W (R) for a minuscule cocharacter µ and used these to construct RapoportZink spaces of Hodge type. Here an essential point is a deformation theory similar to the classical deformation theory of 1-displays of [Zi1] .
In this article we introduce a modified definition of displays in an abstract setting that allows to treat different display-like objects uniformly, and that allows a general definition of G-displays for a smooth group scheme G over Z p relative to an arbitrary cocharacter µ, which have a good deformation theory when µ is minuscule. As an application, a result of [LZ3] on deformations of ordinary schemes of K3 type in terms of displays over W(R) with a quadratic form is extended to the general (non-ordinary) case.
Let us explain the content of this article in more detail.
Date: September 27, 2018. 1 To simplify the terminology we write display instead of higher display, while the 3n-displays of [Zi1] will be called 1-displays.
As a basis of our definition of displays we consider triples S = (S, σ, τ ), called frames, which consist of a Z-graded ring S = S n and ring homomorphisms σ, τ : S → S 0 with certain axioms. A predisplay over S is a graded S-module M with a homomorphism of S 0 -modules F : M σ → M τ . A predisplay is called a display if M is finite projective and F is bijective. The tensor product of graded modules gives a tensor product of predisplays which preserves displays. In this way, the exact tensor category of displays is embedded into the abelian tensor category of predisplays.
This definition of displays has some similarity with the theory of Frobenius gauges of [FJ] ; from that point of view the main question is to find the correct ϕ-ring in the category of ϕ-gauges. But we will also consider frames that are not ϕ-gauges, in particular when base rings occur which are not F p -algebras.
Examples of frames:
(1) For a p-adic ring R one can define a Witt frame W (R) such that the resulting displays are equivalent to the displays of Langer-Zink (but the predisplays are different). When R is a perfect F p -algebra, the corresponding description of Langer-Zink displays by ϕ-gauges appears in [Wi] .
(2) For an F p -algebra R there is a truncated version W m (R) of the Witt frame, which gives a definition of (higher) truncated displays. For m = 1 these are equivalent to the F -zips of [MW] . This is similar to a result of [Sch] showing that ϕ-R-gauges are equivalent to the modified F -zips of [We] .
(3) A local Artin ring R with perfect residue field of odd characteristic will be called admissible. In this case, the small Witt vector ring gives rise to a frame W(R), which gives the displays over W(R) of [LZ3] .
(4) There are relative versions associated to divided power thickenings of the Witt vector frame and its small variant, denoted by W (B/A) and W(B/A), which control the deformation theory of displays. Now let G = Spec A be a smooth affine group scheme over Z p and let µ : G m → G be a cocharacter; later we allow that µ is defined over a finite unramified extension of Z p . The conjugation action via µ −1 makes A into a Z-graded ring. For a frame S we define the display group
G(S) µ ⊆ G(S)
as the subgroup of graded ring homomorphisms A → S, or equivalently of invariant sections with respect to the G m -action on Spec S corresponding to the given grading of S. The ring homomorphisms σ, τ induce group homomorphism G(S) µ → G(S 0 ), and we consider the right action
If the frame S is functorial with respect to etale homomorphisms of R, which holds for all frames which are related to Witt vectors, we define the groupoid of G-displays of type µ over S as the quotient groupoid of this action with respect of the etale topology of R. For S = W 1 (R) this gives the G-zips of type µ −1 of [PWZ] ; see Example 6.2.3. For S = W (R) and minuscule µ this gives the (G, µ −1 )-displays of [BP] ; see Remark 6.3.4. For suitable frames there is a good deformation theory for G-displays of minuscule type µ. The key result, stated in the context of displays over W(R), is the following proposition (see Proposition 7.1.5 and Example 7.1.3). Proposition 1.0.1. For a nilpotent divided power thickening B → A of admissible local Artin rings the frame homomorphism W(B/A) → W(A) induces an equivalence of G-displays of minuscule type µ.
We have the following geometric application. Let R be an admissible local Artin ring with residue field k. Langer-Zink [LZ3] consider a class of schemes X/R of K3 type, which includes K3 surfaces, and show that their second crystalline cohomology carries a display structure over W(R) and a perfect quadratic form, which is the cup product in the case of K3 surfaces. The following is proved in [LZ3] when X 0 is ordinary. Theorem 1.0.2. (Theorem 8.2.1) For any scheme of K3 type X 0 /k the deformations over R of X 0 and of its second crystalline cohomology as a display with a quadratic form are equivalent.
Let us briefly explain the new aspect of the proof given here. The Frobenius type of the second crystalline cohomology of a scheme of K3 type corresponds (after a twist) to the cocharacter µ = (1, 0, . . . , 0, −1) of the group GL n , which is not minuscule, so the deformation theory of higher displays of type µ does not work well. But µ is minuscule as a cocharacter of a suitable orthogonal group G ⊂ GL n , and G-displays correspond to displays with a non-degenerate quadratic form. Therefore Proposition 1.0.1 can be applied.
Terminology and Notation. We fix a prime p. All rings are commutative with a unit. A ring or an abelian group is called p-adic if it is p-adically complete and separated. All divided power thickenings (PD thickenings) of rings will be assumed to be compatible with the natural divided powers of p. An ideal I of a ring R is called bounded nilpotent if there is an n such that x n = 0 for all x ∈ I. An endomorphism f of an abelian group A is called pointwise nilpotent if for each a ∈ A there is an n with f n (a) = 0. If u : R → S is a ring homomorphism, for an R-module M we write M u = M ⊗ R,u S. If α : G → H is a homomorphism of groups in a topos and P is a (right) G-torsor we denote by P α the associated H-torsor. 
Higher frames
Let p be a prime. In the following, frame means higher frame, while the frames of [Zi3, La1] and their variants will be called 1-frames.
Definition 2.0.1. A pre-frame S = (S, σ, τ ) consists of a Z-graded ring S = n∈Z S n and ring homomorphisms σ, τ : S → S 0 . Let σ n , τ n : S n → S 0 denote the restrictions of σ, τ . The pre-frame S is called a frame if the following holds.
(1) The endomorphism τ 0 is the identity of S 0 , and τ −n : S −n → S 0 is bijective for n ≥ 1. Let t ∈ S −1 be the unique element with τ −1 (t) = 1. (2) The endomorphism σ 0 of S 0 is a Frobenius lift, and σ −1 (t) = p. (3) We have p ∈ Rad(S 0 ), the Jacobson radical of S 0 . We say that S is a frame for R = S 0 /tS 1 . A homomorphism of pre-frames is a homomorphism of graded rings that commutes with σ and τ .
Remark 2.0.2. The frame axioms imply that S ≤0 = S 0 [t] is the polynomial ring with variable t. A frame S is determined by the graded ring S ≥0 together with the ring homomorphism σ : S ≥0 → S 0 and the maps t : S n+1 → S n for n ≥ 0 subject to the following axioms.
(1) The homomorphism t :
(2) σ 0 : S 0 → S 0 is a Frobenius lift, and σ n (t(a)) = pσ n+1 (a) for a ∈ S n+1 . (3) We have p ∈ Rad(S 0 ). One recovers τ n (a) = t n (a). In the examples of frames we will often define the triple (S ≥0 , σ, t), but the definition of displays over a frame is more easily expressed in terms of the data (S, σ, τ ).
Remark 2.0.3. If S is a frame for R, the homomorphism τ induces an isomorphism S/(t − 1)S ∼ = R.
Remark 2.0.4. If S is a frame for R, each a in the kernel of S 0 /p → R/p satisfies a p = 0 since σ(ty) = pσ 1 (y) for y ∈ S 1 . Remark 2.0.5. Let O be the ring of integers in a finite extension of Q p with residue field F q and with a fixed prime element π ∈ O. One can define O-frames by the following modification of Definition 2.0.1: S is a graded O-algebra, σ 0 is a lift of the q-Frobenius, and σ −1 (t) = π. This will not be carried out in the following, but see Remarks 2.1.15 & 5.0.3 and Example 6.2.3.
We refer to §3.7 for the relation between frames and ϕ-gauges.
Examples of frames.
Example 2.1.1 (Frame associated to a filtration with Frobenius divisibility). If A is a p-torsion free ring with p ∈ Rad(A), equipped with a Frobenius lift σ 0 : A → A and a descending sequence of ideals A = J 0 ⊇ J 1 ⊇ J 2 ⊇ . . . such that J n J m ⊆ J n+m and σ 0 (J n ) ⊆ p n A, we obtain a frame S for R = A/J 1 as follows. For n ≥ 0 we set S n = J n and σ n = p −n σ 0 , and t : S n+1 → S n is the inclusion. This determines S by Remark 2.0.2.
Explicitly, S is the ring of all Laurent polynomials a n t −n ∈ A[t, t −1 ] such that a n ∈ J n for n ≥ 1, with the structure of a Z-graded A-algebra such that deg(t) = −1. The homomorphisms σ, τ : S → S 0 = A extend σ 0 and τ 0 = id by σ(t) = p and τ (t) = 1.
Example 2.1.2 (Tautological frame). Let A be a ring with p ∈ Rad(A) and with a Frobenius lift σ 0 : A → A. There is a unique frame S with S 0 = A and S n = 0 for n > 0 such that σ extends the given σ 0 , namely S = A[t].
For a ring R let W (R) be the ring of p-typical Witt vectors with Frobenius σ and Verschiebung v, and let I(R) = v(W (R)) so that W (R)/I(R) ∼ = R.
Example 2.1.3 (Witt frame). For a p-adic ring R we define the Witt frame S = W (R) as follows, using again Remark 2.0.2. We set S 0 = W (R), and S n = I(R) = v(W (R)) as an S 0 -module for n ≥ 1. For n, m ≥ 1 the multiplication map S n × S m → S n+m is given by
The homomorphism t : S 1 → S 0 is the inclusion I(R) → W (R), and t : S n+1 → S n is the multiplication p : I(R) → I(R) for n ≥ 1. The endmorphism σ 0 of W (R) is the Witt vector Frobenius, and we set σ n (v(a)) = a for n ≥ 1. The axioms of Remark 2.0.2 are easily verified; the condition p ∈ Rad(W (R)) holds since W (R) is p-adic by [Zi1, Prop. 3] . W (R) is a frame for R, which is functorial in R.
Remark 2.1.4. The pre-frame W (R) can be defined for an arbitrary ring R, but the condition p ∈ Rad(R) does not hold in general.
Remark 2.1.5. If R is a p-adic ring such that W (R) is p-torsion free, the Witt frame W (R) coincides with the frame of Example 2.1.1 for A = W (R) and J n = p n−1 I(R) = I(R) n . The last equation holds since v(a)v(b) = pv(ab).
Example 2.1.6 (Truncated Witt frame). For an F p -algebra R and m ≥ 1 we can define a truncated Witt frame S = W m (R) by S 0 = W m (R) and S n = I m+1 (R) = v(W m+1 (R)) for n ≥ 1, with the unique frame structure such that the natural surjective map W (R) → W m (R) is a homomorphism of frames.
Example 2.1.7 (Zip frame). For an F p -algebra R, the frame S = W 1 (R) will also be called the zip frame of R; this terminology is explained by Example 3.6.4 below. Explicitly S looks as follows. We have S n = R for all n, thus S = R (Z) as an abelian group. The multiplication S n × S m → S n+m is zero if n < 0 and m > 0, it is the usual multiplication of R if n, m ≤ 0 or n, m ≥ 1, and it is given by (a, b) → a p b if n = 0 and m ≥ 1. We can identify
by sending (a) ∈ R (Z) to f = n≥0 a −n t n and g = a p 0 + n≥1 a n u n . Then σ, τ : S → R are given by τ ((f, g)) = f (1) and σ((f, g)) = g(1).
Remark 2.1.8. For an F p -algebra R, the zip frame W 1 (R) is a final object in the category of frames for R. Namely, let S be a frame for R and let π 0 : S 0 → R denote the projection. For n ≥ 1 define π −n : S −n → R and π n : S n → R by π −n (a) = π 0 (τ −n (a)) and π n (b) = π 0 (σ n (b)). Then π is the unique frame homomorphism S → W 1 (R) over the identity of R. Similarly, if S ′ is a frame for a ring R ′ then Hom(R ′ , R) = Hom(S ′ , W 1 (R)).
Example 2.1.9 (Relative Witt frame). For a PD thickening of p-adic rings B → A = B/J we define the relative Witt frame S = W (B/A) as follows, using again Remark 2.0.2. Set S 0 = W (B) and S n = I(B) ⊕ J as an S 0 -module for n ≥ 1, where S 0 acts on J by the projection S 0 → B. For n, m ≥ 1, the multiplication S n × S m → S n+m is defined by
for a, b ∈ W (B) and x, y ∈ J. We recall that the divided powers on J induce an isomorphism (2.2) log :
The endomorphism σ 0 of W (B) is the Witt vector Frobenius, and for n ≥ 1 we set σ n (v(a) + x) = a for a ∈ W (B) and x ∈ J. The axioms of Remark 2.0.2 are easily verified. W (B/A) is a frame for A, which is functorial in the PD thickening B → A. For A = B we have W (B/A) = W (A).
Remark 2.1.10. If W (B) is p-torsion free, the frame W (B/A) coincides with the frame of Example 2.1.1 for A = W (B) and J n = p n−1 I(B) ⊕ J where J is viewed as an ideal of W (B) by x → log −1 (x, 0, 0, . . .); cf. Remark 2.1.5.
Remark 2.1.11. If B → A is a PD thickening of F p -algebras, one can also define a truncated version W m (B/A) of the relative Witt frame.
Remark 2.1.12 (Minimal frames). Let us call a frame S minimal if S ≥0 is generated by S 1 as an S 0 -algebra. For any frame S we define a sub-frame S ′ = S min ⊆ S as follows. For n ≤ 1 let S ′ n = S n and for n ≥ 2 let S ′ n ⊆ S n be the image of the multiplication map S 1 ⊗ . . . ⊗ S 1 → S n . The functor S → S min is right adjoint to the inclusion functor from minimal frames to frames. We have
Example 2.1.13 (Zink frame). Let R be a local ring such that m R is bounded nilpotent and the residue field k = R/m is perfect of characterstic p. Zink [Zi2] defines a subring W(R) = W (k) ⊕Ŵ (m) of W (R), here we use the notation of [La3] . We call the ring R admissible if p ≥ 3 or pR = 0; this is more general than in the introduction. In this case the ring W(R) gives rise to a subframe W(R) of W (R) consisting of W(R) ⊆ W (R) in degree 0 and I(R) = W(R) ∩ I(R) ⊆ I(R) in each degree n ≥ 1. The admissibility implies that σ 1 : I(R) → W (R) has image in W(R) as required. We have p ∈ Rad(W(R)) since W(R) is p-adic; see [La3, §1F] . The frame W(R) is functorial in R.
Example 2.1.14 (Relative Zink frame). If B → A = B/J is a PD thickening of admissible rings as in Example 2.1.13 with nilpotent divided powers, there is a subframe W(B/A) of W (B/A) consisting of W(B) ⊆ W (B) in degree 0 and I(B) ⊕ J ⊆ I(B) ⊕ J in each degree n ≥ 1. Indeed, for nilpotent divided powers the isomorphism log of (2.2) induces an isomorphism [Dr] . More precisely, for a π-adic O-algebra there is an O-frame W O (R), for an O-PD thickening of π-adic O-algebras B → A there is an O-frame W O (B/A), for an F q -algebra R there are truncated O-frames W O,m (R), and for a local Artin O-algebra R there is an O-frame W O (R), with a relative version for a nilpotent O-PD thickening. For an F q -algebra R the q-zip frame W O,1 (R) is described as in Example 2.1.7 with q in place of p.
2.2. 1-frames and Verjüngung. One source of (higher) frames are 1-frames with Verjüngung as defined in [LZ3] with some mild modifications.
Definition 2.2.1. A 1-frame S = (S 0 ⊃ I, σ 0 ,σ) consists of a ring S 0 , an ideal I ⊂ S 0 , a ring endomorphism σ 0 of S 0 , and a σ 0 -linear mapσ : I → S 0 with the following properties.
(
(3) p ∈ Rad(S 0 ). We say that S is a 1-frame for R = S 0 /I.
A 1-frame is a frame in the sense of [La1] with θ = p but without surjectivity condition onσ; see [La1, Remark 2.11 ]. We note that I ⊆ Rad(S 0 ) as required in [La1, Def. 2 .1] since the existence ofσ implies that the image of I → S 0 /p is a nil-ideal.
For a frame S such that t : S 1 → S 0 is injective, a 1-frame S is defined by I = tS 1 andσ(ta) = σ 1 (a) for a ∈ S 1 . We say that the frame S extends the 1-frame S.
The following is a variant of a definition in [LZ3] .
Definition 2.2.2. Let S be a 1-frame. A structure of Verjüngung on S is a pair (ν, π) where ν : I ⊗ S 0 I → I and π : I → I are S 0 -linear maps such that the following holds. We write ν(a ⊗ b) = a * b.
(1) ν is commutative and associative,
Construction 2.2.3. Let S = (S 0 ⊃ I, σ 0 ,σ) be a 1-frame with Verjüngung (ν, π). We construct a frame S that extends S, using Remark 2.0.2. Necessarily t : S 1 → S 0 is the inclusion map I → S 0 . For n ≥ 2 we set S n = I as an S 0 -module, and t : S n → S n−1 is equal to π. For n, m ≥ 1 the multiplication S n × S m → S n+m is given by ν, and σ n (a) =σ(a) for n ≥ 1. 
for for a, b ∈ W (R). For W (B/A) with A = B/J the Verjüngung on the ideal
for a, b ∈ W (R) and x, y ∈ J. The Verjüngung for W(R) and W(B/A) is obtained by restriction.
Graded modules and displays
Let S be a Z-graded ring. We denote by Mod 3.1. Type of projective graded modules. In the following let S = (S, σ, τ ) be a frame for R, thus R = S 0 /tS 1 . Let (3.1) ρ : S → R be the ring homomorphism which extends the projection S 0 → R by zero on all S n with n = 0. Then ρ identifies S/(S <0 +S >0 ) with R. If R is considered as a graded ring concentrated in degree zero, ρ is a homomorphism of graded rings. We have the following version of Nakayama's lemma.
Proof. The ideal I = tS 1 = Ker(S 0 → R) is contained in the Jacobson ideal Rad(S 0 ) because p ∈ Rad(S 0 ) by definition, and the kernel of S 0 /p → R/p is a nil-ideal by Remark 2.0.4. The kernel of ρ is K = n K n with K 0 = I and K n = S n for n = 0. Let x 1 , . . . , x r be homogeneous generators of M with x i of degree d i . We can write x i = a ij x j with a ij ∈ K of degre
Corollary 3.1.2. Let M and N be finite graded S-modules where M is projective. A homomorphism of graded S-modules f : N → M is bijective iff its reductionf : N ⊗ S,ρ R → M ⊗ S,ρ R is bijective.
Proof. Iff is bijecitve, f is surjective by Lemma 3.1.1, thus N ∼ = M ⊕Ker(f ) as graded modules such that f is the projection to the first factor. Then M ′ = Ker(f ) is a finite module with M ′ ⊗ S,ρ R = 0, thus M ′ = 0 by Lemma 3.1.1 again.
Definition 3.1.3. A graded S-module is called standard projective if it takes the form M = L ⊗ S 0 S for a finite projective graded S 0 -module L.
More explicitly, we have L = i L i with finite projective S 0 -modules L i which are almost all zero, and L ⊗ S 0 S = i L i ⊗ S 0 S(−i). Every standard projective graded S-module is a finite projective graded S-module.
Lemma 3.1.4. Assume that all finite projective R-modules lift to S 0 . Then every finite projective graded S-module is standard projective.
Proof. Let M be a finite projective graded S-module. The graded R-modulē L = M ⊗ S,ρ R is finite projective. Let L be a lift ofL to a graded finite projective S 0 -module and let N = L ⊗ S 0 S as a graded S-module. The isomorphism of graded R-modules M ⊗ S,ρ R ∼ = N ⊗ S,ρ R lifts to a map of graded S-modules M → N , which is bijective by Corollary 3.1.2.
Remark 3.1.5. If the ring S 0 is p-adic, the hypothesis of Lemma 3.1.4 is satisfied because the kernel of S 0 /p → R/p is a nil-ideal by Remark 2.0.4, and thus the homomorphisms S 0 → S 0 /p → R/p ← R induce bijective maps on the sets of isomorphism classes of finite projective modules.
Definition 3.1.6. Let M be a finite projective graded S-module and let L = M ⊗ S,ρ R as a finite projective graded R-module. The graded rank of M is the sequence of ranks (rk(L i )) i∈Z , where rk(L i ) is a locally constant function on Spec R. We will also organize this information as follows. Let µ ∈ Z n with µ 1 ≥ . . . ≥ µ n . We say that M has type µ if rk(L i ) is equal to the multiplicity of i in µ. Set deg(µ) = i µ i . For example, M = i S(−µ i ) has type µ.
3.2. Predisplays and displays. Let S = (S, σ, τ ) be a frame as before.
Definition 3.2.1. A predisplay M = (M, F ) over S consists of a graded Smodule M and a σ-linear map F : M → M τ . The predisplay M is a display if M is a finite projective S-module and F is a σ-linear isomorphism, i.e. the corresponding S 0 -linear map M σ → M τ is bijective. The predisplay M is called effective if t n : M 0 → M −n is bijective for n ≥ 0. The type of a display is the type of the underlying graded module as in Definition 3.1.6.
Remark 3.2.3. For a homomorphism of frames S → S ′ there is a base change functor of predisplays
. This functor is left adjoint to the restriction of scalars functor from S ′ -predisplays to S-predisplays. The base change preserves displays.
Remark 3.2.4. Recall that a graded S-module M is projective as a module iff it is projective as a graded module by Lemma 3.0.1. A more restrictive variant of the definition of displays would require that M is a standard projective graded S-module as in Definition 3.1.3. This makes no difference when S 0 is p-adic; see Lemma 3.1.4 and Remark 3.1.5.
Remark 3.2.5. Let M be a finite projective graded S-module. A homomorphism M σ → M τ is bijective iff it is surjective because M σ and M τ are finite projective S 0 -modules of equal rank (as locally constant functions on Spec S 0 ). Indeed, if M is standard projective, i.e. M = L ⊗ S 0 S for a finite projective graded S 0 -module L, then M τ = L and M σ = L σ 0 , and the equality of ranks holds since σ 0 is a Frobenius lift and p ∈ Rad(S 0 ). In general it suffices to show that M σ ⊗ R/p and M τ ⊗ R/p have equal rank. Using Remark 2.1.8 we can assume that R = R/p and that S = W 1 (R) is the associated zip frame. In that case M is standard projective. 
Remark 3.2.7. Predisplays and displays are related to the ϕ-gauges of [FJ] . We refer to §3.7 for details.
3.3. Normal decomposition and standard data. Let L = i L i be a finite projective graded S 0 -module and let
be the associated standard projective graded S-module, thus
is bijective, and
If each finite projective R-module lifts to S 0 , then every display has a normal decomposition and thus comes from a standard datum; see Lemma 3.1.4.
3.4. Change of basis. Let M be a finite projective graded S-module. We consider the set X of σ-linear isomorphisms F : M → M τ and the group
Equivalently, g acts on the linear isomorphism
The groupoid of displays with underlying graded S-module isomorphic to M is the quotient groupoid [X/G]. The action (3.3) can be made explicit as follows.
The endomorphisms of M as a graded module are described by matrices:
Here the entries a ij with µ i = µ j and thus a ij ∈ S 0 form a sequence of square matrices A 1 , . . . , A r , where r is the number of different entries in µ,
As an example, for µ = (3, 2, 2, 0) we have
with r = 3 and square matrices A 1 , A 2 , A 3 of order 1, 2, 1.
consists of all matrices A as in (3.4) such that the diagonal blocks A 1 , . . . , A r are invertible.
Proof. By Lemma 3.1.1, a matrix A as in (3.4) defines a surjective endomorphism of S n iff its image ρ(A) defines a surjective endomorphism of R n . In both cases, surjective is equivalent to bijective. Moreover ρ(A) is the block diagonal matrix with diagonal blocks ρ(A 1 ), . . . , ρ(A r ). Thus A is invertible iff ρ(A) is invertible iff all ρ(A i ) are invertible iff all A i are invertible; recall that the kernel of S 0 → R lies in Rad(S 0 ) by the proof of Lemma 3.1.1.
The ring homomorphisms σ, τ : S → S 0 induce group homomorphisms σ, τ : G → GL n (S 0 ), and in terms of matrices the action (3.3) is given by
Here σ acts on A = (a ij ) by a ij → σ µ j −µ i (a ij ).
3.5. Exact and tensor structure. The category of predisplays has an obivous tensor product,
using the identification (M ⊗ S N ) τ = M τ ⊗ S 0 N τ and similarly for σ. The tensor product of predisplays preserves displays because the tensor product of graded S-modules preserves finite projective modules. The display S = (S, σ) is the unit object for the tensor product of (pre)displays.
is exact in the abelian category of predisplays, i.e. if it is exact as a sequence of S-modules. This makes displays into an exact category, which is Karoubian (idempotent complete). The tensor product of displays preserves exactness.
We define a bilinear form of predisplays β : M × N → P to be a bilinear map of the underlying graded S-modules β :
For a display M and a predisplay P we define Hom(M , P ) = P ⊗ M * ; this is a display if P is a display. For another predisplay N the homomorphism
A bilinear form of displays N × M → S is called perfect if the underlying bilinear form of S-modules is perfect, or equivalently if the corresponding homomorphism of displays N → M * is an isomorphism. More generally, if P is a display of rank one, a bilinear form of displays N × M → P will be called perfect if the corresponding homomorphism N → M * ⊗ P is an isomorphism.
3.6. Examples. Let us record what the general definition of displays gives for specific frames. Using the relation between displays and ϕ-gauges as explained in §3.7, in particular Example 3.7.4, this is the statement of [FJ, Cor. 2.2.10 ]. We include a proof for completeness.
Proof. The graded ring S is the ring of all a n t −n ∈ W (k)[t, t −1 ] such that p n | a n for n ≥ 1, with deg(t) = −1. Using the elementary divisors theorem one verifies that finite projective graded S-modules M are equivalent to pairs (N, N ′ ) where N is a finite free W (k)-module and N ′ is a lattice in N [1/p] by the following functors. To M one associates the S 0 -module
Example 3.6.2. Let S be a tautological frame as in Example 2.1.2, thus S = S 0 [t]. A display over S is equivalent to a finite projective S 0 -module N with an exhaustive and separating decreasing filtration by direct summands (N i ) i∈Z , together with σ 0 -linear maps F i : N i → N such that pF i+1 = F i and such that N is generated by the union of all F i (N i ).
Example 3.6.3. For a 1-frame S with Verjüngung (ν, π), Langer and Zink [LZ3] define predisplays, displays, and extended displays. Let S be the frame that extends S as in Construction 2.2.3, and let S min be the minimal subframe of S as in Remark 2.1.12. Then an effective predisplay over S min is the same as a predisplay over S that satisfies the condition alpha of equation (7) of [LZ3] . Effective displays over S min which admit a normal decomposition are equivalent to displays over S, while effective displays over S which admit a normal decomposition are equivalant to extended displays over S. These equivalences preserves the tensor product of displays; to prove this one verifies that both tensor products represent the same notion of bilinear maps of displays. Specific cases are:
(1) For S = W (R) or S = W(R) we have S = S min , so effective displays over S are equivalent to displays over S. In the case of W (R) these coincide with the higher displays of [LZ2] .
(2) For S = W (B/A) or S = W(B/A) we have S = S min in general. In this case, effective displays over S min are equivalent to displays over S, while effective displays over S are equivalent to extended displays over S. Example 3.6.4 (Displays over W 1 (R) and F -zips). Let S = W 1 (R) for an F p -algebra R; see Example 2.1.7 and Remark 2.1.8. Displays over W 1 (R) are equivalent to the F -zips over R of [MW] as a tensor category.
We recall that an F -zip over R is a finite projective R-module M with two filtrations C * (ascending) and D * (decending) by direct summands and an isomorphism (gr * C ) (p) ∼ = gr D * . The above equivalence is a variant of a result of [Sch] , who proves that the modified F -zips of [We] are equivalent to ϕ-R-gauges in the sense of [FJ] ; see §3.7 and in particular Example 3.7.5.
Proof. To prove the equivalence between displays and F -zips, let C R be the category of finite projective graded S-modules, moreover let D R be the category of collections
where M and N are finite projective R-modules, C * is an ascending filtration of M and D * a decending filtration of N by direct summands, and α :
(gr * C ) (p) ∼ = gr D * is an isomorphism of graded R-modules. The categories C R and D R are equivalent by the following functors.
We define a functor
have the same kernel and therefore induce the desired isomorphism
Indeed, the equality of kernels and the axioms of an object of D R are easily verified when M = L ⊗ R S(−d) for a finite projective R-module, and the general case follows because every M ∈ C R is a finite direct sum of such modules.
Conversely, we define a functor
by zero on C i and by the multiplication a : D i → D i+n . The fact that this construction is well-defined is easily verified if gr * C is concentrated in one degree, and the general case follows because every object of D R is a finite direct sum of such objects. Similarly one verifies that the functors are mutually inverse. Now, a display over W 1 (R) consists of a module M ∈ C R together with an isomorphism F : M σ ∼ = M τ , which corresponds to an isomorphism u :
3.7. Displays and Frobenius gauges. Displays are related with the theory of ϕ-gauges of [FJ] as follows.
3.7.1. Let S be a frame with an element f ∈ S 1 such that σ 1 (f) = 1, moreover let v = t ∈ S −1 . (For an arbitrary frame, f need not exist, for example the tautological frame of Example 2.1.2 has S 1 = 0.) As in [FJ] we write
The homomorphisms σ, τ : S → S 0 induce an isomorphism τ :
is a ϕ-ring in the sense of [FJ, §1.4] , and predisplays over S correspond to ϕ-Smodules, moreover a predisplay (M, F ) over S corresponds to a ϕ-S-gauge iff F : M σ → M τ is bijective. In particular, displays over S correspond to ϕ-S-gauges whose underlying graded S-module is finite projective.
3.7.2. Conversely, let S 0 be a ring with a Frobenius lift σ 0 such that p ∈ Rad(S 0 ), and let S = S 0 [f, v]/(fv − p) as a graded S 0 -algebra with deg(f) = 1 and deg(v) = −1. Then we can identity S +∞ = S 0 = S −∞ , and (S, σ 0 ) is a ϕ-ring. Moveover let τ : S → S 0 extend the identity of S 0 by τ (v) = 1 and τ (f) = p, and let σ : S → S 0 extend σ 0 by σ(v) = p and σ(f) = 1. Then (S, σ, τ ) is a frame that gives the ϕ-ring (S, σ 0 ) by the above construction, so ϕ-S-modules correspond to predisplays over this frame etc.
3.7.3. If S is a frame with f ∈ S 1 as in 3.7.1, the construction of 3.7.2 applied to the pair (S 0 , σ 0 ) gives a frame S ′ with
There is a frame homomorphism ψ − : S → S ′ defined by ψ − (a 0 t n ) = σ 0 (a 0 )v n for a 0 ∈ S 0 and n ≥ 0, and ψ − (a n ) = σ n (a)f n for a n ∈ S n and n ≥ 1. If fv = 1 in S, there is also a frame homomorphism in the opposite direction
which extends the identity of S 0 by v → t and f → f. The composition ψ + • ψ − extends σ 0 on S 0 by t → t and a n → f n σ n (a n ) for a n ∈ S n with n ≥ 1.
Example 3.7.4. Let S = W (R) for a p-adic ring R. Then σ n : S n → S 0 is bijective for n ≥ 1, so there is a unique f ∈ S 1 with σ 1 (f) = 1, namely f = v(1), moreover σ is bijective, which means that (S, ϕ) is a perfect ϕ-ring in the sense of [FJ, §1.4] . We have fv = p iff R is an F p -algebra. In this case, ψ + is an isomorphism iff R is perfect iff ψ − is an isomorphism, and consequently displays over a perfect ring R are equivalent to ϕ-W (R)-gauges whose underlying graded module is finite projective; cf. [Wi] . If R is a general F p -algebra, the restriction of scalars by ψ + defines a functor from displays over R to ϕ-W (R)-modules, which happens to be fully faithful because the endomorphisms of S as an S-module and as a W (R)[f, v]-module coincide.
Example 3.7.5. Let S = W 1 (R) for an F p -algebra R. Again there is a unique f ∈ S 1 with σ 1 (f) = 1, namely f = u under the isomorphism (2.1). If we identify
the homomorphism ψ − : S → S ′ applies the Frobenius to the coefficients of f without changing g, and the homomorphism φ + : S ′ → S applies the Frobenius to the coefficients of g without changing f . By Example 3.6.4, displays over S are equivalent to the F -zips of [MW] , which are also used in [PWZ] , while displays over S ′ are equivalent to the modified F -zips of [We] by [Sch] . The base change under ψ − corresponds to the functor from
while the base change under ψ + correponds to the functor in the opposite
Descent
The frames W (R) and W(R) are functors of R, and naturally the associated graded modules and displays satisfy descent with respect to some topology on Spec R. The details differ in the two cases. For W (R) we have fpqc descent using that the ring W (R) is the limit of W m (R); this is a variant of the Witt vector descent of [Zi1] . In the case of W(R) we get etale descent using the observation that for an etale homomorphism of admissible rings R → R ′ (necessarily finite etale) the homomorphism W(R) → W(R ′ ) is finite etale again. This obervation can be formalized: If S is a frame with p-adic components S n for a ring R in which p is nilpotent, an etale homomorphism R → R ′ can be extended to a frame homomorphism S → S ′ so that S ′ is a functor of R ′ . We will verify etale descent in this situation. 
is stationary, by sending S to S (n) = S/p n .
We note that
Proof. Since p-adic abelian groups are equivalent to systems of abelian groups (A (n) ) n∈N with A (n+1) /p n = A n , frames S with p-adic components S n are equivalent to systems (S (n) ) n∈N as in the lemma with no condition on R (n) . In this situation let R = S 0 /tS 1 , thus R (n) = R/p n . In general R need not be p-adic. Assume that R/p m = R/p m+1 for some m. Let N ⊆ S 1 be the kernel of t : S 1 → S 0 /p m . Then N is p-adic since S 1 is p-adic, moreover N → p m S 0 /p m+1 S 0 is surjective. Hence N → p m S 0 is surjective, and thus R = R m .
Lemma 4.2.3. Let S be a p-adic frame for R as in Definition 4.2.1 and let R → R ′ be an etale ring homomorphism. There is a unique p-adic frame S
′ the base change of S under R → R ′ and write S(R ′ ) = S ′ . Then S is a presheaf of frames on the category of affine etale R-schemes.
Proof. By Lemma 4.2.2 we may assume that p m S = 0. Then the kernel of S 0 → R is a nil-ideal, so the etale R-algebra R ′ lifts to a unique etale S 0 -algebra S ′ 0 , and we have to set S ′ = S ′ 0 ⊗ S 0 S as a graded ring with τ = id ⊗ τ . Since S 0 → S ′ 0 is etale, there is a unique homomorphism σ 0 in the middle such that the following diagram commutes.
Proof. This is immediate from the construction, using that quasi-coherent modules are etale sheaves and that limits of sheaves are sheaves. 
for n ≥ 1, moreover we have a sequence of ring homomorphisms
where the composition of the first two maps is the identity. All this also holds for A ′ instead of A with ′ in appropriate places. We have to show that the homomorphism S 0 /p i → S ′ 0 /p i is etale and lifts k → k ′ . This is true for the homomorphism W i (k) → W i (k ′ ), hence we have to show that the natural map
is bijective, or equivalently that
is bijective. This holds if for each N = m r /m r+1 and
is bijective, which is clear since
is biective for all n ∈ Z, or equivalently that
is bijective. This is proved as (4.1), using that S n ∼ = S 0 for n ≤ 0 and
Now let B → A = B/J and B ′ → A ′ = B ′ /J ′ be as in the second part of the lemma, and let S = W(B/A) and S ′ = W(B ′ /A ′ ). Since J ′ = JB ′ is a PD ideal with nilpotent divided powers, the frame W(B ′ /A ′ ) is defined. Let i be sufficiently large such that p iŴ (m B ′ ) = 0. Again we have to show that (4.3) is bijective for all n ∈ Z. In degrees n ≤ 0 the frame W(B/A) coincides with W(B), which was treated before. For n > 0 we have 
We have to show that a finite projective graded module M ′ over S ′ = S(R ′ ) with a descent datum over S ′′ = S(R ′′ ) descends to a finite projective graded S-module.
Assume first that p m S = 0. Then S 0 → S ′ 0 is faithfully flat etale, and the graded
, and M is a graded S-module such that M ′ = M ⊗ S S ′ . Since S → S ′ is faithfully flat, the S-module M is finite projective, and M is projective as a graded S-module by Lemma 3.0.1.
In general this shows that M ′ /p i descends to a finite projective graded
We have to show that the graded S-module M = n M n is finite projective. Assume that p m R = 0 and letL = M m ⊗ S,ρ R, which is independent of m. Let L be a finite projective graded S 0 -module which liftsL and choose a homomorphism N = L ⊗ S 0 S → M that induces the identity ofL under reduction by the homomorphism ρ : S → R of (3.1). Then N/p i → M i is an isomorphism by Corollary 3.1.2, hence N → M is an isomorphism, and M is projective.
Lemma 4.3.2. The categories of finite projective graded W (R)-modules for varying rings R in which p is nilpotent form an fpqc stack.
Proof. As in the preceding proof, the homomorphisms form an fpqc sheaf because W (R) and I(R) form fpqc sheaves. Assume that R → R ′ is faithfully flat, let R ′′ = R ′ ⊗ R R ′ , and let S = W (R), S ′ = W (R ′ ), S ′′ = W (R ′′ ). We have to show that a finite projective graded S ′ -module M ′ with a descent datum over S ′′ descends to S.
The finite projective graded R ′ -moduleL ′ = M ′ ⊗ S ′ ,ρ R ′ carries a descent datum over R ′′ and thus descends to a finite projective graded R-modulē L. Let L be a finite projective graded S 0 -module that liftsL, and let N = L ⊗ S 0 S and N ′ = N ⊗ S S ′ . Using Corollary 3.1.2 we find an isomorphism α : N ′ ∼ = M ′ lifting the identity ofL ′ . We have to show that there is an α which commutes with the descent data. The obstruction lies in theČech cohomology set H 1 (R ′ /R, K) where K is the kernel of Aut(N ) → Aut(L), and Aut(N ) and Aut(L) are considered as sheaves on the category of flat affine R-schemes. We will show that H 1 (R ′ /R, K) is trivial.
First, if R is an F p -algebra, by an obivous variant of Lemma 3.4.1 one finds a representation K = lim ← − K m with surjective transition maps whose kernels are vector groups, and with K 0 = 0, thus H 1 (R ′ /R, K) = 0. In general assume that p i+1 R = 0 and p i R = 0 for some i ≥ 1. LetR = R/p i , letN andL be the base change of N andL under R →R, and letK be the kernel of Aut(N ) → Aut(L), where Aut(N ) and Aut(L) are again considered as sheaves on the category of flat affine R-schemes. The reduction map K →K is surjective as presheaves. Using that the kernel of W (R) → W (R) has square zero and is isomorphic to (p i R) N via log, one verifies that the kernel K 0 of K →K is isomorphic to an infinite direct product of quasi-coherent sheaves associated to R-modules of the form p i V for finite projective Rmodules V . Thus H 1 (R ′ /R, K 0 ) is trivial, and by induction it follows that H 1 (R ′ /R, K) is trivial as required. 
G-displays
Let k be a finite extension of F p .
Definition 5.0.1. A display datum is a pair (G, µ) where G is a smooth affine group scheme of finite type over Z p and µ is a cocharacter of G W (k) .
A frame over W (k) is a frame S where S is a graded W (k)-algebra and σ : S → S 0 extends the Frobenius of W (k). [Laz, Chap. VII, Prop. 4 .12]) composed with W (W (k)) → W (R). It follows that the frames W (R), W m (R), W (B/A), W(R), and W(B/A) of Examples 2.1.3, 2.1.6, 2.1.9, 2.1.13, and 2.1.14 are frames over W (k) if the input rings R and B are W (k)-algebras.
Remark 5.0.3. The following definition of G-displays can be extended to O-frames as in Remark 2.0.5. In that context, a display datum will be a pair (G, µ) where G is an affine group scheme of finite type over O and µ is a cocharacter of G defined over a finite unramified extension O ′ of O, and one should consider O-frames over O ′ in the obvious sense.
5.1. Definition of the display group. For an affine W (k)-scheme X = Spec A, an action of G m on X is the same as a Z-grading of the W (k)-algebra A. Explicitly, if an action
is given, then λ ∈ G m acts on f ∈ A by (λ * f )(x) = f (x * λ), and A n is the set of all f ∈ A such that λ * f = λ n f . If G m acts on X and S is a Z-graded W (k)-algebra, we denote by
the set of G m -equivariant morphisms Spec S → X over W (k), or equivalently the set of homomorphisms of graded W (k)-algebras A → S. Let (G, µ) be a display datum and let S be a frame over W (k) for R. We consider the action of λ ∈ G m on G W (k) by g * λ = µ(λ) −1 gµ(λ) and define the display group
with respect to this action. The homomorphisms σ, τ : S → S 0 of Z palgebras induce group homomorphisms
Explicitly, if G = Spec A, an element g ∈ G(S) µ corresponds to a homomorphism of graded W (k)-algebras g : A ⊗ W (k) → S, and σ(g) corresponds to the composition
and similarly for τ . The group G(S) µ acts on the set G(S 0 ) by
We want to take the quotient of (5.2) with respect to the etale topology of R. This is possible when S is a p-adic frame or when S = W (R) since in both cases S is a functor of R, at least for etale maps. Before carrying this out let us record how the action (5.2) is related to σ-conjugation.
and σ-µ-conjugation. Let (G, µ) be a display datum and S a frame over W (k). We define a pre-frame B = S iso with a homomorphism
as in (5.1). Again we obtain group homomorphisms σ, τ :
Lemma 5.2.1. The homomorphism τ : G(B) µ → G(B 0 ) is bijective, and under this isomorphism the action
Proof. Let τ p : B → B 0 be the homomorphism of B 0 -algebras with τ p (t) = p, and recall that τ (t) = 1. Then σ = σ 0 • τ . We can identify Spec B = G m ×Spec B 0 such that λ ∈ G m acts on G m by multiplication with λ −1 since deg(t) = −1. Hence τ and τ p induce bijective homomorphisms G(G) µ → G(B 0 ), and the automorphism τ p • τ −1 of G(B 0 ) is given by the action of p −1 ∈ G m (B 0 ), which ist x → µ(p)xµ(p) −1 . Hence the endomorphism σ•τ −1 of G(B 0 ) is given by x → σ 0 (µ(p)xµ(p) −1 ), and the lemma follows.
If the ring S 0 is torsion free, S 0 → B 0 is injective, and G(S 0 ) is a subgroup of G(B 0 ). In this case the action (5.3) determines the action (5.2).
5.3. G-displays over p-adic frames. Let S be a p-adic frame over W (k) for R and let S be the associated sheaf of frames on the category of affine etale schemes over Spec R as in §4.2.
Lemma 5.3.1. If X = Spec A is an affine W (k)-scheme of finite type with an action of G m , the presheaves X(S) 0 and X(S 0 ) on the category of affine etale R-schemes are etale sheaves.
Proof. If R → R ′ is an etale homomorphism and if S → S
′ is the base change of S, then X(S) 0 (R ′ ) = X(S ′ ) 0 and X(S 0 )(R ′ ) = X(S ′ 0 ). Assume that X = A 1 = Spec W (k) [u] with weight r ∈ Z, i.e. u has degree r, which corresponds to the action of G m by λ * u = λ r u. Then X(S) 0 = S r and X(S 0 ) = S 0 , and the sheaf property holds by Lemma 4.2.4. In general, X is the equalizer of a pair of maps A n ⇒ A m , where each coordinate is homogeneous of some degree. Hence X(S) 0 and X(S 0 ) are equalizers of maps between etale sheaves, so they are etale sheaves.
Definition 5.3.2. For a display datum (G, µ), the groupoid of G-displays of type µ over S is defined as
the quotient groupoid of the action (5.2) with respect to the etale topology.
Thus G -Disp µ (S) is the groupoid of pairs (Q, α) where Q is an etale G(S) µ -torsor over Spec R and α : Q → G(S 0 ) is a G(S) µ -equivariant map of sheaves with respect to the action (5.2).
Remark 5.3.3. G -Disp µ (S) is also equivalent to the groupoid of pairs (Q, γ) where Q is an etale G(S) µ -torsor over Spec R and γ : Q σ → Q τ is an isomorphism of G(S 0 )-torsors. Indeed, the map of sheaves
where the left quotient groupoid is taken with respect to the action
which leads to the pairs (Q, γ).
Remark 5.3.4 (Functoriality). For a homomorphism S → S ′ of p-adic frames there is a base change functor G -Disp µ (S) → G -Disp µ (S ′ ). For a homomorphism γ : G → G ′ of group schemes of finite type over Z p and µ ′ = γ • µ there is a base change functor G -Disp µ (S) → G ′ -Disp µ ′ (S).
Example 5.3.5. Let G = GL n and let µ : G m → GL n be the cocharacter µ(x) = diag(x µ 1 , . . . , x µn ) with µ 1 ≥ . . . ≥ µ n . Then x ∈ G m acts on a matrix A = (a ij ) by a ij → x µ j −µ i a ij . It follows that GL n (S) µ = Aut 0 S (N µ ) for the graded S-module N µ = i S(−µ i ); see Lemma 3.4.1. Every graded S-module of type µ is isomorphic to N µ locally in Spec R. Hence §3.4 implies that GL n -Disp µ (S) is the groupoid of displays of type µ over S.
Example 5.3.6. Let R be an admissible local Artin W (k)-algebra as in Example 2.1.13, or let B → A be a PD thickening of admissible local Artin W (k)-algebras with nilpotent divided powers. We denote the groupoids of G-displays of type µ over the associated frames W(R) and W(B/A) by /A) ). Example 5.3.7. For a k-algebra R and m ≥ 1 we denote the groupoid of G-displays of type µ over the frame W m (R) of Example 2.1.6 by
The functoriality of W m (R) with respect to R and the resulting base change of G-displays makes G -Disp Wm µ into a fibered category over the category of affine F p -schemes, and G -Disp Wm µ is a smooth algebraic stack of dimension zero over k because the functors R → G(W m (R)) µ and R → G(W m (R)) are representable by affine smooth group schemes of equal dimension; see Lemma 5.3.8 below, which extends [Gr1, Gr2] to the graded setting.
Lemma 5.3.8. Let X = Spec A be an affine W (k)-scheme of finite type with a G m -action, and n ≥ 1. The functor of k-algebras X n (R) = X(W n (R)) 0 is representable by an affine k-scheme of finite type. If X is smooth of dimension d, then X n is smooth of dimension nd, and the reduction map X n+1 → X n is surjective and smooth of dimension d.
Proof. Assume that X = A 1 with weight r ∈ Z. Then X n (R) = W n (R) when r ≤ 0 and X n (R) = I n+1 (R) when r > 0, in both cases X n ∼ = A n such that X n+1 → X n is a coordinate projection A n+1 → A n . In general, X is the equalizer of a pair of maps A m ⇒ A l where each coordinate is homogeneous of some degree, hence X n is representable affine of finite type. Assume that X is smooth of dimension d. Then X is covered by open sets of the form U = Spec A f for a homogeneous f ∈ A such that there is a G m -equivariant etale map U → A d = Y where each coordinate of A d is homogeneous of some degree. The resulting functors U n form an open cover of X n . We claim that U n → Y n ∼ = A dn is etale, which proves the lemma. To prove the claim let S → R be a surjective homomorphism of F p -algebras with kernel of square zero and let u ∈ U n (R) and y ∈ Y n (S) be given with equal image in Y n (R). The kernel of the ring homomorphism W n (S) → W n (R) has square zero, which implies that there is a uniqueũ ∈ U (W n (S)) which lifts u and y. The elementũ is G m -equivariant by its uniqueness, which means thatũ ∈ U n (S), and the claim is verified.
Remark 5.3.9. If (G, µ) is of Hodge type, i.e. there is an embedding G → GL n such that µ is minuscule for GL n , a related construction of truncated displays with (G, µ)-structure is given in [Zh] .
5.4. G-displays over Witt vectors. Let (G, µ) be a display datum. We have fpqc sheaves G(W ) and G(W ) µ on the category AffNilp W (k) of affine W (k)-schemes on which p is nilpotent defined by
and
as in (5.1); the sheaf property follows from Lemma 5.4.1 below. We define a fibered category over AffNilp W (k) , Proof. This follows from the proof of Lemma 5.3.8, using that the functors R → W (R) and R → I(R) are representable and that the equalizer of a pair of maps between representable sheaves is representable.
Lemma 5.4.2. The fibered category G -Disp W µ is an fpqc stack. Proof. Let K = G(W ) µ , which is an affine group scheme over W (k) by Lemma 5.4.1. We show that every fpqc locally trivial K-torsor over a W r (k)-algebra R is etale locally trivial. Let S(R) be the graded ring of the frame W (R). For m ≥ 1 let J (m) (R) ⊆ S(R) be the graded ideal given by v m W (R) in every degree. One verifies easily that this is an ideal, using the relation
where * is the product in S(R) in positive degrees. The quotient S (m) (R) = S(R)/J (m) (R) is a graded ring, and K(R) = G(S(R)) µ is the limit over m of K m (R) = G(S (m) (R)) µ . The proof of Lemma 5.3.8 shows that each K m is a smooth affine group scheme over W (k) of finite type, and the reduction homomorphism π m : K m+1 → K m is smooth and surjective. Over W m−1 (k) the kernel of π m can be identified with the vector group Lie(G) because if p m−1 R = 0 then the ideal J (m) (R)/J (m+1) (R) has square zero, using the relation v(v m−1 (a)v m−1 (b)) = p m−1 v m (ab). Now if Q is an fpqc K-torsor over a W r (k)-algebra R, the associated K r+1 -torsor Q r+1 is smooth over R and thus etale locally trivial. The projection Q m+1 → Q m is a torsor under Ker(π m ), which is trivial when m ≥ r + 1 since Ker(π m ) is a vector group and Q m is affine. Hence if Q r+1 is trivial then so is Q. 5.5. Orthogonal displays. Let S be a frame for R and assume that p ≥ 3.
Definition 5.5.1. An orthogonal graded module over S is a finite projective graded S-module M with a perfect symmetric bilinear form β : M × M → S of degree zero. An orthogonal display over S is a display M with a perfect symmetric bilinear form β : M × M → S.
We fix n, the rank of M . Let µ = (µ 1 , . . . , µ n ) ∈ Z n with µ 1 ≥ . . . ≥ µ n . We call µ an orthogonal type if µ i + µ n+1−i = 0 for all i. The type of an orthogonal graded module or display is orthogonal.
Let ψ : Z n × Z n → Z be the symmetric bilinear form ψ(x, y) = x t Jy with
Let G = O(ψ) ⊆ GL n be the orthogonal group of ψ, so G(R) is the set of all A ∈ M n (R) with A t JA = J. For an orthogonal type µ, the associated cocharacter
Proposition 5.5.2. If S is a p-adic frame as in Definition 4.2.1, the category of orthogonal displays of type µ over S is equivalent to the category of O(ψ)-displays of type µ over S as in Definition 5.3.2.
The proof is quite formal, using the following two lemmas.
Lemma 5.5.3. Let N µ = i S(−µ i ) as a graded S-module, equipped with the bilinear form ψ :
, the group of automorphisms of the graded module that preserve ψ; see (5.1) for the definition of G(S) µ . Moreover, G(S 0 ) is bijective to the set F of σ-linear maps F :
Proof. We have G(S) = Aut S (N µ , ψ) and GL n (S) µ = Aut 0 S (N µ ) as in Example 5.3.5, hence (N µ , ψ) , which proves the first assertion. The set F is bijective to the set of isomorphisms of orthogonal S 0 -modules (N σ µ , ψ) ∼ = (N τ µ , ψ). But N µ = S n as an S-module and thus N τ µ = S n 0 = N σ µ , and the bilinear form ψ is given by J on these modules. The lemma follows.
Lemma 5.5.4. If S is a p-adic frame, two orthogonal S-modules of the same type are isomorphic etale locally in Spec R, i.e. they become isomorphic over S ′ = S(R ′ ) for a faithfully flat etale homomorphism R → R ′ , using the notation of §4.2.
Proof. It suffices to show that any orthogonal S-module (M, β) of type µ is isomorphic to (N µ , ψ) etale locally in Spec R. After localizing R we may assume that M = i S(−µ i ) as a graded S-module, thus M * = i S(µ i ). Assume first that d := µ 1 > 0. Let r be the multiplicity of d in µ and write
The perfect bilinear form β corresponds to an isomorphism
becomes an isomorphism under the base change by ρ : S → R, thus (5.6) is an isomorphism by Corollary 3.1.2. We can choose homogeneous elements e 1 ∈ (M 1 ) d and e 2 ∈ (M 2 ) −d with β(e 1 , e 2 ) = 1. We claim that they can be modified inside M d and M −d such that in addition β(e 1 , e 1 ) = β(e 2 , e 2 ) = 0. First, there is a unique x ∈ S −2d such that e ′ 2 = e 2 + xe 1 satisfies β(e ′ 2 , e ′ 2 ) = 0. Indeed, let a = β(e 1 , e 1 ) ∈ S 2d and c = β(e 2 , e 2 ) ∈ S −2d . We have to solve the equation ax 2 + 2x + c = 0 in S −2d . If we write x = t 2d x 0 and c = t 2d c 0 and a 0 = t 2d a, this is equivalent to a 0 x 2 0 + 2x 0 + c 0 = 0 in S 0 . Since a 0 ∈ tS 1 and since the image of tS 1 in S 0 /p m is nilpotent for each m, there is a unique solution x 0 ; recall that p ≥ 3. Now β(e 1 , e ′ 2 ) = ax + 1 is a unit since ax ∈ tS 1 . Thus after modifying e 1 and e 2 we can assume that β(e 1 , e 2 ) = 1 and β(e 2 , e 2 ) = 0. Finally, there is a unique y ∈ S 2d such that e ′ 1 = e 1 + ye 2 satisfies β(e ′ 1 , e ′ 1 ) = 0. Indeed, if again a = β(e 1 , e 2 ), this is equivalent to a + 2y = 0 in S 2d . This proves the claim.
Let
where ψ is the standard form given by the 2 × 2-version of J. Since the composition
By induction the lemma is reduced to the case d = 0, i.e. µ = (0, . . . , 0). Thus M = S n , and β is given by a symmetric invertible matrix B ∈ M n (S 0 ). After etale localization we may assume that B maps to J under M n (S 0 ) → M n (R). Let B = J + C, let A = 1 − JC/2, and form B ′ = A t BA = J + C ′ . If a ⊂ S 0 is the ideal generated by the coefficients of C, then the coefficients of C ′ lie in a 2 . Since a maps to a nilpotent ideal in each S 0 /p m , it follows that the iteration of B → B ′ converges to J, and the lemma is proved.
Proof of Proposition 5.5.2. Let (M, β) be an orthogonal graded module of type µ over S, let (M, β) be the etale sheaf of orthogonal graded S-modules defined by M(R ′ ) = M ⊗ S S(R ′ ), and let Q = Isom ((N µ , ψ), (M, β) ) be the etale sheaf of isomorphisms of orthogonal graded modules. Then Q is a G(S) µ -torsor by Lemma 5.5.4, and the assignment (M, β) → Q is an equivalence by etale descent of finite projective graded modules, Lemma 4.3.1. An extension of (M, ψ) to an orthogonal display (M, F, ψ) corresponds to an isomorphism of orthogonal modules (M τ , ψ) ∼ = (M σ , ψ) over S 0 , which is the same as an isomorphism of the associated G(S 0 )-torsors γ : Q τ ∼ = Q σ , and (Q, γ) is a G-display of type µ; see Remark 5.3.3.
Remark 5.5.5. Similarly one verifies that orthogonal displays over W (R) are equivalent to O(ψ)-displays over W (R) as in §5.4.
Structure of the display group
Let (G, µ) be a display datum with G = Spec A ′ , and
We consider the maximal subgroup schemes P + and P − of G W (k) on which G m acts by non-negative resp. non-positive weights. The intersection L = P + ∩ P − is the centralizer of µ. Explicitly, let A = n∈Z A n be the weight decomposition for the G m -action, let (A >0 ) and (A <0 ) be the ideals generated by the elements of positive or negative degree, and define (6.1)
Then P ± = Spec A ± and L = SpecĀ, and these are indeed subgroups of G because the co-multiplication A → A ⊗ A preserves the degree and thus maps A >0 into A >0 ⊗ A + A ⊗ A >0 , and similarly for A <0 .
There are unique G m -equivariant homomorphisms P ± → L which extend the identity of L. Namely, since the Z-graded rings A + and A − are concentrated in non-negative resp. non-positive degrees, we have (
The group schemes P ± and U ± and L are the group schemes P G (∓µ) and U G (∓µ) and Z G W (k) (µ) of [CGP] . Since G is smooth, the multiplication map
is an open immersion by [CGP, Proposition 2.1.8 (3)], in particular the group schemes L and U ± and P ± over W (k) are smooth.
Lemma 6.1.1. Let (G, µ) be a display datum. There are G m -equivariant morphisms log ± : U ± → V (Lie U ± ) which induce the identity on the Lie algebras. These morphisms are necessarily isomorphisms of schemes.
Note that every G m -equivariant morphism U ± → V (Lie U ± ) preserves the unit section and therefore induces a map of the Lie algebras. In general the morphisms log ± need not be unique; cf. Lemma 6.3.2 below.
Proof. By symmetry it suffices to consider U + . We have U + = Spec B for a graded W (k)-algebra B with B 0 = W (k) and augmentation ideal I = B >0 . The W (k)-module I/I 2 is free because U + is smooth. Let B ′ = Sym * (I/I 2 ).
The grading of I induces a grading of I/I 2 , and B ′ becomes a graded W (k)-algebra with with B ′ 0 = W (k). Let I ′ = B ′ >0 . Then I ′ /I ′2 = I/I 2 . A G m -equivariant morphism log : U + → V (Lie U + ) corresponds to a homomorphism of graded Z p -algebras λ : B ′ → B, which corresponds to a linear map of graded W (k)-modules s : I/I 2 → I, and λ induces the identity on the Lie algebras iff s is a section of the projection I → I/I 2 . In this case λ is surjective: If n ≥ 1 is given such that B ′ m → B m is surjective for all m < n, then the degree n component of I 2 lies in the image of λ, and it follows that B ′ n → B n is surjective. Thus log = Spec λ is a closed immersion of a smooth scheme into an affine space over Z p which induces a bijective map on the Lie algebras. It follows that log is an isomorphism.
6.2. Decomposition of the display group. Let S be a frame over W (k). For a subgroup scheme H ⊆ G W (k) which is stable under the conjugation action of G m via µ we consider the group of G m -equivariant sections H(S) µ = H(S) 0 . Then
The ring homomorphism τ :
Proof. LetS = S 0 [t, t −1 ] as a graded S 0 -algebra with t in degree −1. The ring homomorphism τ : S → S 0 factors into homomorphisms of S 0 -algebras
whereτ preserves the grading andτ (t) = t, while α(t) = 1. For every subgroup scheme H ⊆ G W (k) stable under the action of G m the homomorphism α : H(S) µ → H(S 0 ) is bijective. Sinceτ : S →S is bijective in non-negative degrees, for H ⊆ P − the homomorphismτ : H(S) µ → H(S) µ is bijective, which proves the first assertion. The augmentation ideal I ⊆ A is Z-graded, and the subscheme U + ⊆ G is defined by the ideal generated by I ≤0 . Sincẽ τ is bijective in non-negative degrees it follows that an element g ∈ G(S) µ lies in U + (S) µ iffτ (g) lies in U + (S) µ .
Proposition 6.2.2. Let (G, µ) be a display datum and let S be a frame over
is an open immersion, the map of the lemma is injective. To prove surjectivity let π : S 0 → R = S 0 /tS 1 be the projection and consider the group homomorphisms
Here π •τ maps G(S) µ into P − (R). Indeed, for g ∈ G(S) µ , corresponding to a homomorphism of graded rings g ♯ : A → S, the composition π •τ •g ♯ maps A >0 to zero because π • τ annihilates S >0 , and P − is defined by the ideal (A >0 ) of A. Since P − × U + is an open subscheme of G W (k) and π induces a bijective map Max(R) → Max(S 0 ), it follows that τ maps G(S) µ into P − (S 0 ) × U + (S 0 ). Now, using the first part of Lemma 6.2.1 for H = P − , every g ∈ G(S) µ can be written as g = qh with q ∈ P − (S) µ and h ∈ G(S) µ such that τ (h) ∈ U + (S 0 ), which implies that h ∈ U + (S) µ by the second part of Lemma 6.2.1.
Example 6.2.3 (G-displays over W 1 (R) and G-zips). Let R be a k-algebra and S = W 1 (R); see Examples 2.1.7 & 3.6.4. In this case the decomposition
where R σ is the ring R with k-algebra strucure via the Frobenius σ : k → k, moreover R[t] and R σ [u] and R σ are considered as graded rings with R in degree zero and − deg(t) = 1 = deg(u). This decomposition can also be viewed as a consequence of Proposition 6.2.2. It follows that a G(S) µ -torsor is the same as a triple (X − , X + , α) where X − is a P − -torsor, X + is a (P + ) σ -torsor, and α :
It follows that G-displays over W 1 (R) of type µ are G-zips over R of type µ −1 in the sense of [PWZ] . In fact, here we reproduce only the case q = p of loc.cit. For the general case one needs the O-frame W O,1 where O is an extension of Z p with residue field F q ; see Remark 2.1.15.
6.3. 1-bounded and minuscule display data.
be the weight decomposition with respect to the action of G m by Ad(µ −1 ). The display datum (G, µ) is called 1-bounded if g n is zero for n ≥ 2.
We note that (G, µ) is 1-bounded iff Lie U + = g 1 . A display datum (G, µ) with reductive G is 1-bounded iff g = g −1 ⊕ g 0 ⊕ g 1 , i.e. µ is minuscule. In this case we call (G, µ) a minuscule display datum. Lemma 6.3.2. If (G, µ) is a 1-bounded display datum, there is a unique G m -equivariant morphism of schemes log + : U + → V (g 1 ) which induces the identity on the Lie algebras, and log + is an isomorphism of group schemes.
Proof. We have to show that the morphism log + of Lemma 6.1.1 is unique and a group homomorphism. Let U + = Spec B and I = B >0 . Then log + corresponds to a homomorphism of graded W (k)-modules s : I/I 2 → I which is a section of π : I → I/I 2 . But π is bijective in degree 1, and I/I 2 is concentrated in degree 1 since µ is 1-bounded, hence s is unique. A similar argument shows that log + is a group homomorphism.
Remark 6.3.3. Let (G, µ) be a 1-bounded display datum and let S be a frame over W (k) for R. Then the decomposition of Proposition 6.2.2 takes the form
If we write U + (tS 1 ) = Ker(U + (S 0 ) → U + (R)), it follows that the image of τ :
Let J n denote the kernel of t n : S n → S 0 . We get an exact sequence
We have J 1 = 0 for the frames W (R), W (B/A), W(R), and W(B/A), but not for the truncated Witt frame W m (R).
Remark 6.3.4. For a reductive minuscule display datum, G-displays of type µ over W (R) coincide with the (G, µ −1 )-displays over R of [BP] . Indeed, the display group G(W (R)) µ coincides with the group H µ −1 (R) of loc.cit. by Remark 6.3.3, and the homomorphism σ : G(W (R)) µ → G(W (R)) coincides with the homomorphism Φ G,µ −1 of [BP, Proposition 3.1 .2] by Lemma 5.2.1. We note that the existence of this homomorphism requires some work in loc.cit., while here it is simply induced by the ring homomorphism σ. 
Deformations
The classical deformation theory of 1-displays over the small Witt vector ring can be formulated as follows. For a PD thickening B → A of admissible Artin rings (Example 2.1.13) we have frame homomorphisms
given by functoriality. Then ε induces an equivalence of 1-displays, i.e. every W(A)-display lifts uniquely to W(B/A), and lifts of 1-displays under α correspond to lifts of the Hodge filtration. This generalizes as follows. Lifts of (higher) displays and of G-displays under α again correspond to lifts of a Hodge filtration, but ε induces an equivalence only for 1-bounded G-displays. We will verify these facts in an abstract setting.
7.1. A unique lifting lemma for 1-bounded displays. Let ε :S → S be a homomorphism of frames for the same ring R, i.e. the induced ring homomorphismS 0 /tS 1 → S 0 /tS 1 is bijective, and let K ⊆S be the kernel of ε. Then K = n K n with K n = K ∩S n . We consider the commutative diagram with exact rows
and its variant with τ 1 in place of σ 1 ; here τ 1 is the multiplication by t.
Definition 7.1.1. A frame homomorphism ε as above is called a 1-thickening if ε n :S n → S n is surjective for n = 0, 1 and τ 1 :
A 1-thickening of frames ε is called aσ-nilpotent thickening ifσ is pointwise nilpotent on K 0 /pK 0 and K 0 is p-adically complete. If S andS are p-adic frames, ε is called a stable 1-thickening (stableσ-nilpotent thickening) if for each etale homomorphism R → R ′ the associated base change of ε as in §4.2 is a 1-thickening (σ-nilpotent thickening).
Remark 7.1.2. The relation σ(t) = p implies that pσ = σ 0 on K 0 . If (G, µ) is a display datum and if H ⊆ G W (k) is a G m -invariant subgroup scheme, for K = ker(ε) as above we set
Lemma 7.1.4. Let (G, µ) be a 1-bounded display datum, let ε :S → S be a 1-thickening of frames over W (k), and let H be one of the group schemes
µ is bijective by Proposition 6.2.2. Hence to prove (a) we can assume that H ⊆ P − or H = U + . For H ⊆ P − the assertion holds since
, and the assertion holds since t : K 1 → K 0 is bijective. To prove (b) we note that K 0 /pK 0 is a nil-ideal because for x ∈ K 0 there is a y ∈S 0 with x p = σ 0 (x) + py = p(σ(x) + y) and thus x p+1 ∈ pK 0 . Clearly the ideal p i K 0 /p i+1 K 0 is nilpotent for i ≥ 1. Since H is smooth and K 0 is p-adically complete it follows that H(S 0 ) → H(S 0 ) is surjective. To prove that H(S) µ → H(S) µ is surjective we can assume again that H ⊆ P − or H = U + . In the first case we use Lemma 6.2.1, in the second case we look at Lie(U + ) ⊗S 1 → Lie(U + ) ⊗ S 1 , which is surjective.
Proposition 7.1.5 (Unique lifting lemma). Let (G, µ) be a 1-bounded display datum. If ε :S → S is a stableσ-nilpotent thickening of p-adic frames over W (k) for R, the base change functor
is an equivalence of categories.
Proof. By definition, (7.1) is the functor of etale quotient groupoids
with respect to the action (5.2). We will show that even the functor of presheaf quotient groupoids is an equivalence, i.e. that the functor
is an equivalence. Since the maps G(S 0 ) → G(S 0 ) and G(S) µ → G(S) µ are surjective by Lemma 7.1.4 (b), we have to show that the action of G(K) µ on the fibres of G(S 0 ) → G(S 0 ) is simply transitive, i.e. that for g ∈ G(S 0 ) and h ∈ G(K 0 ) there is a unique z ∈ G(K) µ such that
is bijective by Lemma 7.1.4 (a), we can define a group homomorphism and (7. 3) is equivalent to y −1 U g (y) = h for y = τ (z). Thus we have to show that for each g ∈ G(S 0 ) the map
is bijective. Since K 0 is p-adically complete and G is smooth, G(K 0 ) is the limit over m of G(K 0 /p m K 0 ), and the reduction map
Lemma 7.1.6. The endomorphism U g of (7.4) preserves G(p m K 0 ) and acts on G(K 0 /p m K 0 ) as a pointwise nilpotent operator.
It follows that (7.5) is surjective because for h ∈ G(K 0 ) the converging product y = · · · U 2 g (h)U g (h)h satisfies U g (y) −1 y = h, and (7.5) is injective since U g (y) −1 y = U g (y ′ ) −1 y ′ implies that y ′ y −1 is fixed by U g and thus equal to 1. This proves Proposition 7.1.5 modulo Lemma 7.1.6.
Proof of Lemma 7.1.6. The endomorphism σ • τ −1 preserves the decomposition G(K 0 ) = P − (K 0 ) × U + (K 0 ) and acts on U + (K 0 ) = (Lie U + ) ⊗ K 0 by id ⊗σ. Let P − = Spec A − as in (6.1) and let ν : A − → A − be the ring homomorphism given by ν(a) = p i a when deg(a) = −i. Then σ •τ −1 acts on P − (S 0 ) by sending x : A − →S 0 to σ 0 • x • ν. It follows that σ • τ −1 and thus U g preserve G(p m K 0 ), and it suffices to verify that U g is pointwise nilpotent on
which is pointwise nilpotent iff the cyclic permutation of these maps
is pointwise nilpotent. Here y → pr(gyg −1 ) is an endomorphism of the pointed set U + (K m ) which is given by some power series overS 0 . The terms of higher order are annihilated by id⊗σ becauseσ(ab) = pσ(a)σ(p) for a, b ∈ K 0 . Hence the endomorphism (7.7) of
takes the form ψ ⊗σ for a σ 0 -linear endomorphism ψ. Sinceσ is pointwise nilpotent onK m it follows that (7.7) is pointwise nilpotent.
Remark 7.1.7. One verifies easily that the σ 0 -linear endomorphism ψ of (Lie U + )S 0 in the end of the proof is given by (1
Remark 7.1.8. The essence of the proof of Proposition 7.1.5 is very similar to the proof of [BP, Theorem 3.5.4] , which is the key to the deformation theory of minuscule G-displays over Witt vectors in [BP] . In that context, a nilpotence condition is needed because for a PD thickening of B → A of W (k)-algebras in which p is nilpotent the frame homomorphism W (B/A) → W (A) is a 1-thickening which is not in generalσ-nilpotent, and therefore the functor
is not an equivalence. But the restriction of this functor to G-displays which are adjoint nilpotent in the sense of [BP] is an equivalence. Indeed, a G-display is adjoint nilpotent in the sense of loc.cit. iff the above endomorphism ψ is nilpotent; see [BP, Lemma 3.4.4] ; in that case the endomorphism U g is nilpotent.
7.2. The Hodge filtration of a display. Let S be a frame for R and let τ : S → R be the composition of τ : S → S 0 and the projection S 0 → R. For a finite projective graded S-module M we define
The modules
form a descending filtration (E n ) n∈Z by locally direct summands of M R , with E n = M R for small n and E n = 0 for large n.
is an orthogonal module over S (Definition 5.5.1) then β induces a perfect symmetric bilinear form on M R , and the Hodge filtration is self-dual in the sense that (E n ) ⊥ = E 1−n .
7.3. Lifts of the Hodge filtration. Let α : S ′ → S be a homomorphism of frames such that α 0 : S ′ 0 → S 0 is bijective. We identify
is a ring homomorphismτ : S → R ′ , and for a finite projective graded S-module M we can define an R ′ -module
Proposition 7.3.1. Assume that for n ≥ 1 the homomorphism α n : S ′ n → S n is injective and t n : S n → S 0 induces an isomorphism S n /S ′ n ∼ − → I, and that finite projective R-modules can be lifted to R ′ . Then the functor from finite projective graded S ′ -modules (or displays over S ′ ) to finite projective graded S-modules M (or displays M over S) together with a lift of the Hodge filtration of M R to a filtration of M R ′ by direct summands is an equivalence.
Proof. It suffices to treat the case of modules because for a finite projective graded S ′ -module M ′ and M = M ′ ⊗ S ′ S we have M τ = M ′τ and M σ = M ′σ , so display structures on M and on M ′ are the same.
For a finite projective graded S ′ -module M ′ with Hodge filtration (E ′ n ) and
Indeed, this assertion holds for M ′ = S ′ (d) by the assumptions on S ′ → S, and then it holds for every M ′ since the property passes to direct summands. It follows that the functor of the proposition is fully faithful.
Let us verify that the functor is essentially surjective. If M over S with a lift of the Hodge filtration (E ′ n ) is given, we necessarily define
n is a graded S ′ -module. We have to verify that M ′ is finite projective and that M ′ ⊗ S ′ S → M is bijective. We can replace M by M ⊕ N for another finite projective graded S-module N and thus assume that M = L ⊗ S 0 S for a finite projective graded S 0 -module L; note that the Hodge filtration of N can be lifted to R ′ by the assumption. The assumptions on S ′ → S imply that the kernel
The resulting homomorphism L ⊗ S 0 S → M is an isomorphism by Corollary 3.1.2, and it induces an isomorphism L ⊗ S 0 S ′ ∼ = M ′ by the first part of the proof.
Corollary 7.3.2. In the situation of Proposition 7.3.1, orthogonal displays (or orthogonal graded modules) over S ′ are equivalent to orthogonal displays (or orthogonal graded modules) over S together with a self-dual lift of the Hodge filtration to R ′ .
Proof. Let (M, β) be an orthogonal graded module over S and let M ′ be a lift of M to S ′ . The isomorphism β ′ : M → M * corresponding to β lifts to an isomorphism M ′ → M ′ * iff β ′ preserves the Hodge filtration, which means that the Hodge filtration of M ′ is self-dual with respect to β. 7.4. The Hodge filtration of a G-display. Let (G, µ) be a display datum. The Hodge filtration of displays has a natural counterpart for G-displays. We will only treat the case of G-displays over p-adic frames as in §5.3 and leave out the obvious modifications for G-displays over Witt vectors as in §5.4.
If S is a frame over W (k) for R, the ring homomorphismτ : S → R of §7.2 induces a group homomorphism
with image in P − (R); see Proposition 6.2.2. Letτ 0 : G(S) µ → P − (R) be the resulting group homomorphism. Assume that S is a p-adic frame. Then τ andτ 0 are homomorphisms of etale sheaves over Spec R. For an etale G(S) µ -torsor Q we can form the G R -torsor Q R = Qτ and the P − R -torsor
which will be called the Hodge filtration of Q R . Note that a G-display over S has an underlying G(S) µ -torsor Q; cf. Remark 5.3.3. Now let α : S ′ → S be a homomorphism of p-adic frames over W (k) with
is a nil-ideal since this holds for the kernel of S 0 /p → R/p by Remark 2.0.4. Thus the categories of affine etale schemes over R and over R ′ are equivalent, and we can consider S and S ′ as sheaves on the same site. The ring homomorphismτ : S → R ′ induces a group homomorphism τ : G(S) µ → G(R ′ ), and for a G(S) µ -torsor Q we can form the etale G R ′ -torsor Q R ′ = Qτ . If Q ′ is an etale G(S ′ ) µ -torsor and Q the induced G(S) µ -torsor then Q R ′ = Q ′ R ′ , and the Hodge filtration Q ′ 0 ⊆ Q ′ R ′ is a lift of the Hodge filtration Q 0 ⊆ Q R in the sense that the reduction map Q ′ R ′ → Q R induces Q ′ 0 → Q 0 . Proposition 7.4.1. Assume that for each n ≥ 1 with g n = 0 in (6.2) the homomorphism α n : S ′ n → S n is injective, and t n : S n → S 0 induces an isomorphism S n /S ′ n ∼ = I. Then the functor from etale G(S ′ ) µ -torsors (or G-displays of type µ over S ′ ) to etale G(S)-torsors Q (or G-displays Q of type µ over S) together with a lift of the Hodge filtration of Q R to an etale P − R ′ -torsor in Q R ′ is an equivalence. The proof of Proposition 7.4.1 is based on the following lemma.
Lemma 7.4.2. Under the assumptions of Proposition 7.4.1 there is a cartesian square with injective horizontal maps and surjective vertical maps:
Proof. The vertical maps are induced byτ : G(S) µ → G(R ′ ). The multiplication P − (S) µ × U + (S) µ → G(S) µ and its analogue for S ′ are bijective. Similarly the lower right corner of the diagram is bijective to P − (R ′ ) × U + (I) where U + (I) denotes the kernel of U + (R ′ ) → U + (R). Using that P − (S ′ ) µ ∼ = P − (S 0 ) ∼ = P − (S) µ by Lemma 6.2.1, the lemma is an easy consequence of Lemma 6.1.1.
Proof of Proposition 7.4.1. It suffices to treat the case of torsors because for an etale G(S ′ ) µ -torsor Q ′ and the induced etale G(S) µ -torsor Q we have Q σ = Q ′σ and Q τ = Q ′τ as etale torsors for G(S 0 ) = G(S ′ 0 ), so display structures on Q and on Q ′ are the same; see Remark 5.3.3.
We claim that the hypothesis of Proposition 7.4.1 is preserved under etale base change. The hypothesis is an exact sequence 0 → S ′ n → S n → I → 0 for certain n. For large m so that p m R ′ = 0 this gives I → S ′ n /p m → S n /p m → I → 0. These sequences for a projective system with respect to m, where the transition maps on the first module I are eventually zero. This property are preserved under etale base change, and the claim follows.
Lemma 7.4.2 implies that the functor of the proposition is fully faithful. To prove that the functor is essentially surjective let a G(S) µ -torsor Q and a lift Q ′ 0 ⊆ Q R ′ of the Hodge filtration Q 0 ⊆ Q R be given. Let Q ′ ⊆ Q be the inverse image of Q ′ 0 ⊆ Q R ′ as an etale sheaf with an action of G(S ′ ) µ . Etale locally, Q and Q ′ 0 are trivial. Since Q ′ 0 is a lift of Q 0 and since G(S) µ → G(R ′ ) × G(R) P − (R) is surjective, there are compatible local trivializations of Q and Q ′ 0 , and it follows that Q ′ is a G(S ′ ) µ -torsor.
K3 displays and varieties
Definition 8.0.1. A K3 display over a frame S is a display M of type (2, 1, . . . , 1, 0) with a perfect symmetric bilinear form β : M ⊗ M → S(−2).
Remark 8.0.2. The bilinear form β is equivalent to M (1)⊗M (1) → S, so K3 displays are equivalent to orthogonal displays of type µ = (1, 0, . . . , 0, −1), which are equivalent to G-displays of type µ for the group G = O(ψ) of §5.5 by Proposition 5.5.2. Here µ is minuscule by Example 6.3.5.
Remark 8.0.3. A K3 display M over S is effective, so the associated S 0 -module M τ carries a perfect symmetric bilinear form β and a σ 0 -linear endomorphism F 0 with β(F 0 (x), F 0 (y)) = p 2 σ 0 (β(x, y)).
In the following let A be a local Artin ring with perfect residue field k of characteristic p ≥ 3, in particular A is admissible as in Example 2.1.13. By the second crystalline cohomology of a K3 surface X over A, and more generally of a scheme of K3 type X over A, carries a natural structure of a K3 display over W(A), and also over W(B/A) when B → A is a nilpotent PD thickening. Let us recall this in some detail. The only new aspect is the use of the unique lifting lemma Proposition 7.1.5. 8.1. K3 surfaces. We begin with the case of K3 surfaces. A K3 surface over A is a smooth proper scheme X over A such that the special fibre X k is a K3 surface. Since W(B/A) → A is a p-adic PD thickening, the crystalline cohomology group H = H B/A (X) = H 2 crys (X/W(B/A)) is defined. It is a free module over W(B/A) of rank 22 with a σ-linear map F : H → H, and the cup product is a perfect symmetric bilinear form γ on H with γ(F x, F y) = p 2 σ(γ(x, y)).
The module H carries a display structure which is natural in X and in B → A, i.e. there is a K3 display M = H B/A (X) over W(B/A) with an isomorphism M τ ∼ = H which preserves the Frobenius and the quadratic form. In the case B = A we write H A/A (X) = H A (X). The K3 display H B/A (X) is constructed as follows. Let R = W (k)[[t 1 , . . . , t 20 ]] be the universal deformation ring of X k and let Y over Spf R be the universal deformation. Let σ R : R → R be the Frobenius lift defined by t i → t The homomorphism W(B/A) → W(A) induces an equivalence of K3 displays by Proposition 7.1.5 and Remark 8.0.2, so H B/A (X) is the unique lift of H A (X). The construction of H B/A (X) explained before implies that the underlying module is given by the crystalline cohomology of X, which is essential for the following result.
Theorem 8.1.1. Let B → A be a surjective homomorphism of local Artin rings with perfect residue field k of characteristic p ≥ 3 and let X be a K3 surface over A. Then deformations of X to a K3 surface over B are equivalent to deformations of the K3 display H A (X) over W(A) to a K3 display over W(B).
If X is ordinary this is proved in [LZ3] .
Proof. By induction we can assume that the kernel of B → A has square zero, so B → A is a PD thickening with nilpotent divided powers. Let M = H B/A (X). Then 8.2. Schemes of K3 type. Let again A be a local Artin ring with perfect residue field k of characteristic p ≥ 3. Following Langer-Zink [LZ3] , a scheme of K3 type over A is a smooth proper scheme X over A of dimension 2n with the following properties.
(1) H q (X k , Ω p ) = 0 for p + q = 1 or p + q = 3. (2) dim k H q (X k , O X k ) = 1 for q = 0, 2. (3) dim k H 0 (X k , Ω 2 ) = 1. (4) Each generator σ ∈ H 0 (X k , Ω 2 ) is nowhere degenerate, each generator ρ ∈ H 2 (X k , O X k ) satisfies ρ n = 0 in H 2n , and the bilinear form on H 1 (X k , Ω 1 ) defined by (ω 1 , ω 2 ) → tr(ω 1 ω 2 σ n−1 ρ n−1 ) is perfect. The assumptions imply that X k has a formally smooth universal deformation space and that H q (X, Ω p ) is a free A-module compatible with base change for p + q = 2. One can lift σ and ρ to A and consider σ as an element of H 2 DR (X/A). Let τ ∈ H 2 DR (X/A) be a lift of ρ. Then ǫ = tr(σ n τ n ) ∈ A is defined. We also assume that (5) the number n(n + 1) is invertible in k, and ǫ = 1. The latter can always be achieved when k is algebraically closed. In this situation [LZ3] construct a symmetric bilinear form B σ,τ on H 2 DR (X/A), called the Beauville-Bogomolov form, which is well-defined up to an n-th root of unity, and which allows to extend the reasoning of §8.1 to schemes of K3 type with B σ,τ in place of the cup product.
More precisely, let us fix a scheme of K3 type X 0 over k and generators σ, ρ as above over k such that ǫ = 1. Assume that X 0 can be lifted to a smooth projective scheme over W (k). For each scheme of K3 type X over A with special fibre X k = X 0 there is a well-defined perfect symmetric bilinear form B σ,τ on H 2 DR (X/A); see [LZ3, Equation (67) ]. For a PD thickening B → A with nilpotent divided powers the bilinear form extends to the crystalline cohomology H 2 crys (X/B), and liftings of X to B correspond to self-dual liftings of the Hodge filtration by [LZ3, Corollary 32] . Moreover there is a K3 display M = H B/A (X) over W(B/A) with an isomorphism M τ ∼ = H 2 crys (X/W(B/A)) that preserves the Frobenius and the quadratic form, and H B/A (X) is functorial in X and in B → A; see [LZ3, Proposition 35 & Remark] .
It follows that the proof of Theorem 8.1.1 carries over to schemes of K3 type and gives the following result, which is proved in [LZ3] when X is ordinary.
Theorem 8.2.1. Let B → A be a surjective homomorphism of local Artin rings with perfect residue field k of characteristic p ≥ 3 and let X be a scheme of K3 type over A that satisfies the assumptions 1-5 such that X k can be lifted to a smooth projective scheme over W (k). Then deformations of X to a smooth scheme over B are equivalent to deformations of the K3 display H A (X) over W(A) to a K3 display over W(B).
